Math 213: Calculus IV
May 17/01
Quiz # 2, Solutions.

Let F be the vector function defined by
F(t) = (cos(t), 2t,sin(t)).

Determine the velocity, speed and acceleration, the tangential and normal
components of the acceleration, the curvature, and the unit tangent, unit
normal and binormal vectors of F.

We have F'(t) = (—sin(t), 2, cos(t)), F"(t) = (— cos(t),0, —sin(t)), and
F'(t) xF"(t) = (—2sin(t), - 1,2 cos(t)). From these we compute the following
parameters: -

e The velocity V(¢) is just F'(t), that is, (— sin(t), 2. cos(t))-

The speed v(t) is the norm of the velocity, that is,

o(t) = ||(= sin(t), 2, cos(t)|| = /sin? () +4 + cos*(t) = V5.

o The acceleration A(2) is just F”(t), that is, (- cos(t). 0, — sin(t)).

e The curvature is given by the formula

[F'(8) x FY()] _ /4sin®(t) +1+4co’()) 1
FOF (5) =5

k(t) =

The tangent component of the acceleration is ar(t) ='(t) = 0.
e The normal component of the acceleration is ay (t) = (v(2))?- () = 1.

e The unit tangent vector is
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e The unit normal vector is
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with ||T'(2)|| = 715, therefore N(t) = (— cos(t),0, —sin(t)).

(— cos(t), 0, — sin(t))

e The unit binormal vector is

B(t) = T(t) x N(t) = %(—25111(1&), _1,2cos(t))-
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Answers to additional questions

p.560 # 15. We have F(t) = (sin(t), cos(t), 45t) so F'(t) = (cos(t), —sin(t), 45).
The length function is given by the equation

s(t) = /: |F(z)||dz = f; \/cos.2 (z) + sin®(z) + 452 dz
= fu " /3026 dz = /2026 z, = V2026 t.

Thus we have t = t(s) = s/v/2026.
Put G(s) = F(t(s)) = (sin (s/\/2026) , COS (s/\/ 2026) ,45 (S/\/?OQG)).
Then G'(s) = (cos (s//2026) , — sin (s/v2026) ,45/1/2026) and

1G'(s)|] = cos? (s/v/2026) + + sin® (s/v/2026) + (45/v2026)" =1.

The length of the derivative of the resulting position vector is indeed 1.

p-560 # 21. The triple product [F, G, H] of three vectors is defined on page
293 by the formula
[F,G,H]=F - (G x H).

A formula for 4[F(t), G(t), H(t)] can be derived from the identities on page
559:

F(),GOHO] = 5 F(R) - (G() x HE))
— F()- (Gl) x H(0) + F() - (G(t) x H()
= F()- (G) x H() + F() - (&) x HE)
+ F(t)- (GE) x H (1)
= [F'(), G(), HO) + [F(2), G(0). HO)]
+ [F(0), G, H D)

dt

p.570 # 7. F(t) = (0, 2sinh(t), —2 cosh(t)), F'(t) = (0,2 cosh(t), —2sinh(t)),
F"(t) = (0,2sinh(t), —2 cosh(t)) and F’ (t)xF"(t) = (—4cosh®(t)+4 sinh®(t),0,0) =
(—4,0,0). With this, we get the following parameters: The velocity is just
F'(t), the speed is v(t) = [|[F'(t)|| = 24/cosh(2t), the acceleration is F'(),
the curvature is

_IF@) x E'"Ol _ 1

"O="TIFOF 2 (yeosniz)

31

The components of the acceleration are ar = v'(t) = 2sinh(2t)/4/cosh(2t)

and ay = v2(t)k(t) = 2/,/cosh(2t), the unit tangent vector is T = mF'(t),

the unit binormal vector is B = WMF’ (t) x F'(t) = (-1,0,0) and
2 % = : ] 1 o i k.

the unit normal vector is N =B x T = -—==—= m((}, 2 sinh(t), —2 cosh(t))-




